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Abstract 


We study possibilities of string theory embeddings of the gravity duals for non-relativistic 
Lifshitz-like theories with anisotropic scale invariance. We search classical solutions in 
type IIA and eleven-dimensional supergravities which are expected to be dual to (2+1)- 
dimensional Lifshitz-like theories. Under reasonable ansätze, we prove that such gravity 
duals in the supergravities are not possible. We also discuss a possible physical reason 
behind this. 
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1 Introduction 


Recently, two interesting extensions of the AdS/CFT correspondence [1] to non-relativistic sys- 
tems were proposed in the papers [2] and [3]. The former has the non-relativistic conformal 
symmetry including the special conformal transformation, while the latter, called quantum 
Lifshitz-like points, only has the non-relativistic scale invariance] 

To understand their microscopic holographic dual theories, we need to find their concrete 
string theory realizations. Another reason for this is that string embeddings are expected to 
give a consistency condition for solutions of an effective gravity theory which lives in the lower 
dimensions via compactifications [24]. The original gravity duals for the non-relativistic systems 
have been proposed in effective gravity-matter theories living in d < 10 (or d < 11) dimension [2, 
3], which are not a priori guaranteed to be derived from ten (or eleven) dimensional supergravity. 
The effective d-dimensional spacetime dual to a (d — 1)-dimensional Lifshitz-like theory will be 
called Lig in this paper. Later, it has been found that the gravity duals of the former (i.e. 
non-relativistic conformal) theories can be realized as solutions in ten or eleven dimensional 
supergravities as was first done in [25]. However, the presence of a null circle in the gravity 
dual [2] of non-relativistic conformal systems makes the connection to interesting condensed 
matter systems (such as cold atoms) ambiguous. 

The main purpose of this paper is to point out that it is surprisingly difficult to embed the 
gravity duals of quantum Lifshitz-like points [3] into ten or eleven dimensional supergravities 
as opposed to our naive expectation. Actually, the only known supergravity solution with 
the Lifshitz-like property is the one in the paper [14]. It is based on the D3-D7 system first 
introduced in [26] and can be embedded into type IIB string theory. However, in this solution 
we can introduce the anisotropy of the scale transformation only through one of the three 
spatial directions therefore it corresponds not to a non-relativistic quantum Lifshitz point but 
to a classical Lifshitz point|>} Also since it has a non-constant dilaton, the anisotropic scale 
invariance only holds at the leading order of interactions, though thermodynamical quantities 
such as the entropy still respect the scale invariance. 

In this paper, we will present no-go arguments under certain ansatze of fluxes, which we 
expect will not cause the loss of generality significantly. Such ansatze are necessary to determine 
clearly if physical solutions are possible or not in our analysis. It may be possible that we can 
extend our no-go arguments if we develop excellent technical devises in near future. Under the 
ansatze we will prove that no solutions of the form Li, x M7, where M7 is an arbitrary compact 


manifold, are allowed in the eleven-dimensional supergravity even if we take the possibility of 


“For recent discussions of the Lifshitz-like points, refer to [4-22]. See also the seminal paper [23] for the 


quantum field theoretic properties of the Lifshitz-like points. 
°In the presence of fundamental string sources, we can also find a type IIB supergravity solution whose metric 
in the Einstein frame coincides with Lis [27]. However, in this solution the dilaton is not constant and it breaks 


anisotropic scale invariance again. 


warp factor into account. We will also present a similar no-go argument in the massive type IA 
supergravity. Interestingly enough, we often encounter unphysical supergravity solutions, whose 
fluxes become imaginary-valued. We will also offer a heuristic physical reason why quantum 
Lifshitz-like theories are difficult to realize in string theory via a holography argument in the 
final section, which relates the dual theory to certain non-commutative theories. 

Though in this paper we always consider the (2 + 1)-dimensional Lifshitz-like fixed points 
to perform concrete calculations, we believe that the main conclusions can be applied to other 
dimensions. As opposed to the proofs of no-go theorems for de-Sitter spaces [28] and flux 
backgrounds [29] in supergravity, we need more detailed arguments due to the lack of the Lorentz 
symmetry. 

This paper is organized as follows: In section 2, we will review the gravity dual of quantum 
Lifshitz-like points following the paper [3]. In section 3, we will prove a no-go theorem for 
the spacetime Lig x M7 in M-theory assuming a certain ansatz of fluxes. In section 4, we will 
present a no-go argument for the spacetime Li, x Mg in massive IIA supergravity under an even 
form ansatz of fluxes. We will also show the no-go theorem for deformations of standard flux 
compactifications when Mg is an arbitrary nearly Kahler manifold. Moreover, we also consider 
the possibility of adding an orientifold 6-plane (O6-plane) and show that the result will not be 


changed. In section 5, we will summarize our conclusion and discuss our results. 


2 Review of Gravity Duals of Lifshitz-like Fixed Points 


Let us first review the gravity dual Li, of Lifshitz-like fixed points in 2+ 1 dimension, which was 
first presented in [3]. We start with the four-dimensional gravity coupled to a one-form gauge 
field A; and a two-form field By. The action is 


S= f tavan — 2A) — x f (Fy \ xF + H3 A *H3) — c f B, ^ Fo. (2.1) 
The gravity dual Li, of a Lifshitz-like point is defined by the following metric 
d? = P (=ar + r?(da? + dy”) + =) (2.2) 
= (0#)? + (67)? + (0)? + (6), (2.3) 
where we defined the orthonormal basis of one-forms 
6t = Lrřdt, 0 =Lrdz, 0%=Lrdy, 6 = = (2.4) 
The Ricci tensor R,, and the Ricci scalar R4 is given by 
Ry = 2z(z+2)r", Roe = Ryy = —(2+ z)r?, R= == — (2.5) 
i= -F@t 2+ 2), (2.6) 


In order to break the (2 + 1)-dimensional Lorentz symmetry, we introduce the background 


fluxes 
Fy =a% AO", Hz = BO” NOY AO". (2.7) 


Here the fact that the fluxes are written by the orthonormal one-forms (2.4) guarantees the 
non-relativistic scale invariance and is consistent with the Einstein equations discussed below. 


In this system the equations of motion for fluxes are given by 


dx fy =—cH3, d» H3 = cF}. (2.8) 
This leads to the constraints 
The Einstein equation becomes 
Ru + 9w (-4 + ON + ad + A) = T + Tan (2.10) 


By substituting the Ricci tensor (2.5) and the flux ansatz (2.7) into (2.10), we obtain in the 
end 


4/ 2z(z — 1) 2 z2 +z+4 
DATS = =] A = =-— 2.11 
N EN a (2.11) 
Notice that in this solution the coefficient c of Chern-Simons term is uniquely determined by 


the cosmological constant A. In the later arguments of its string theory embedding, what turns 
out to be crucial is whether this constraint is consistent with string theory compactifications or 
not. 

It is also useful to take a duality transformation. We add a term f dọ A H3 assuming that 
H3 is now a general three-form. The equation of motion for ¢ leads to the Bianchi identity 


dH3 = 0. If we integrate out H3, we find the action looks like 


S= J tavan- 2n) fe A *Fy + (dọ — cAy) A *(dọ — cA})). (2.12) 


2 
By absorbing ¢ via the gauge transformation, this theory is equivalent to a massive vector field 


theory coupled to gravity, as already noted in [5]. 


3 No-Go Theorem for Li, x M7 in M-theory 


3.1 Direct Product Metric Li, x My 


The action of the eleven-dimensional supergravity is given byd 


S t [fare /—g (z- ae — ake A Fy A Fil : (3.13) 


B 1 
267i 2. 


6 In this paper, we will adopt the normalization of supergravity in [30]. 


The Bianchi identity and equations of motion of the four-form flux read 
1 
dF, = 0, dx F4 + gf A Fx = 0, (3.14) 


where Fy = dC. 

We assume that the spacetime metric takes the form of the direct product Liq x M7 without 
any warp factor, where M7 is taken to be an arbitrary seven-dimensional compact manifold. 
The coordinates of M7 are denoted by x’ = (x!,a?,-+-,27). We denote the volume-form of M7 


by Vz. Now we take the the four-form flux with the symmetry of Li, to be in the following form 
F, = f 0°6°040" + 07090" Na +O AB+O7AQ+7N. (3.15) 


This form of flux is the most general form in which we can tell precisely if the corresponding 
supergravity solution exists or not, using the arguments presented below. Its Hodge dual is 
given by’ 

x Fy = — fV- + 0t A xa — 0°OY A xB + 0°07 OY A xD. + 0807040" A xn. (3.16) 


The Einstein equation requires that the r-dependence in F4 only appears through 6” as in the 
previous section. Thus, f, a, 6, Q and 7 are 0,1,2,3 and 4-form in M7 and they do not depend 
on r. 


The Bianchi identity requires 


da = d8 = dQ = df = dn = 0. (3.17) 


The flux equations of motion lead to 


dxa=dxß=d*Q =0, (3.18) 
BAn==*a, (3.19) 
ann=>*B, (3.20) 
depo er. (3.21) 
QAn=0. (3.22) 


In particular, from (3.19) and (3.20), we find 


where we have defined a? = ajat and 8? = Biju” with i = 1,2,---,7. 


The Einstein equation can be rewritten into the following form 


1 1 OT 
Rw = — al Gee + Ty Fagor Fy? . (3.24) 


"In our convention, the epsilon tensor is chosen to be €ayr1234567 = —gt7Yr1234567 _ 1, which leads to the 


relation SR Bessette Vi =FA*F. 


Therefore, the Einstein equation (3.24) for the (tt), (xx) and (rr) components reads 


2(z + 2) lena la, lonl, alpe ilg 
a E EE RES | = —() ka =(— ae f 
T7 re ee heir raaa 
242 1 2 ol ty to, Pe at 2 2 
= a oe ae — 9? 4 — a a 
24+ 27 Lae ae i ee De cl ee ee ee Ae 
-—- = -5 <3? +Z =(— -48 + =). 
T? go e ge ge tye a A 


By taking differences among them, we can easily find 


2(z-1)_1 2 lg z(z-1)_ E lo 


>Q 3.25 
T? y tp T? T ee 

By combining these two equations with the relation (8.23), we find if Q? 4 0, then z = —2. 
In this case, we only have unphysical solutions that has ca = —2 < 0. Therefore, we need to 


require Q? = 0 (or equivalently 0;;;, = 0) below. 

Now let us look at the off-diagonal components of the Einstein equation. In particular, if we 
consider (ti) component it behaves like Ry œ~ fa; and this contradicts our metric ansatz unless 
it is vanishing. If we assume f Æ 0, then we need to set a; = 0 and z = 1. Thus we recover the 
full Lorentz symmetry, which we do not want. 


Thus, we need to set f = 0. In this case, all equations of motion can be reduced to 


227 +12z +4 m n? 


7 T (3.26) 
3z 1 1 
Rij = -739i + 5 (ies — Bin BF + g'ikimn} ™), (3.27) 
da = dB = dn = 0, f=9=0, dxa=dxß=dxņ=0Q, (3.28) 
2 
BAn==*a, ahn=7*B, (3.29) 
B 4(z-1) 
a= =. (3.30) 
We can also find that the value of the Ricci scalar of M7 as Rm = Get Ofer?) > 0. 
By using (3.29) we can find the relation 
L? 
anta = > x(a Ann) A la nAn). (3.31) 
This equation (8.31) can be rewritten in the component expression as 
25L? 
2 
eS ay ei arepa oer ra (3.32) 
L? 2,2 i jkim 
= g (070? — toai”) (3.33) 
By plugging into (3.30) we obtain 
Ea ; 2(z — 1)(z2? + 5z + 2 


On the other hand, we can show a Bi; = 0 as we can easily see a A *3 = 0 from (3.29). By 


combining these results, we can finally evaluate 


i; 42(z -1)(e +4) 
Rija’a = a; <a 


which actually proves that there is no such harmonic one-form on M7. This statement follows 


0) (3.35) 


from the Weitzenbock formula (see e.g. [31]) 
a’ Aay = —a' Vj Via + Rizoto, (3.36) 


where the Laplacian is defined by A = dô + ôd as usual in the harmonic analysis; 6 is the 
codifferential and V is the covariant derivative. Since a harmonic one-form a satisfies da = 
da = 0, the left-hand side of vanishes. On the other hand, if we integrate the right-hand 
side on M7, it should be positive by the partial integration and the formula (3.35). Therefore, 


such a harmonic one-form a cannot exist and this completes our no-go argument for Liq x M7. 


3.2 Warp Factor in Li, x M7 


Actually, we can still have the freedom of taking the warp factor of the metric into account as 
follows 
ds? = eA ds? + esAOds2, , (3.37) 


where € denotes the seven coordinates of M7. We fixed the power of the warp factor by the 
reparameterizations such that the one-form a in M7 again becomes harmonic da = d* a = 0 
due to the flux equation of motion. The equations of motion for fluxes are only modified by 


powers of e4. For example, we can show 


2 
a! E (3.38) 
z 
We also have to require f = Qi;, = 0 again. Moreover, by using these relations, we can 


eventually evaluate the right-hand side of (8.36) as follows: 


Rija’ — a’ Vj V2 ai 


48(z—1 l l o. 
AE (V:V'A + 6(V:A)(V*A)) e74 + 6a'a! ViV;jA 


4z(z — 1)(z + Aes A + 
+(Via!)(V'az) — Vilot Vi ai) 

1152 ree”! ; ae 
- Se — (Wi A)" A)e® A+ 6V'(ajaj;VIA) + (Vial) (Vta). 


(3.39) 


4z(z — 1)(z + Aes 4 


Now let us recall that M7 is a compact manifold. Therefore, the function A(€) on M7 should 
take its maximum and minimum value somewhere. Suppose it takes the minimum value at 
€ = Emin. It is obvious that 


Almin) = 0, aal 0,0; A(Emin) > 0. (3.40) 


On the other hand, since a is a harmonic one-form, the left-hand side of (8.39) is vanishing as 


explained before. By evaluating this at € = Emin, we obtain 
0 = 42(z — 1)(z + des 4 + 6atatð;ðj A + (Via!) (Vay). (3.41) 


This is clearly inconsistent as its right-hand side is positive. Thus, there are no such harmonic 


one-form q@ and this finishes the no-go theorem for the warped case. 


4 Massive IIA Supergravity on Li, x Mg 


4.1 Massive IIA theory 


The massive IIA supergravity [32] is obtained by adding a new auxiliary scalar field M and 
ten-form RR-flux Fio = dCo and by shifting the flux Fə and F; such that 


F> = dC, — M B», 
~ 1 
F; = dC3 — Ay A H3 + 3M B2 A Bo. (4.42) 
The action is defined by 
1 
Oasis IIA = Ope fe (4.43) 
K 


where 


=e ie s ia > 1l 
L = V—ge~?*(R + 48,00") — ——Hs ^ xHs — 5 Fa nsP — SF, A «Fy — 5M AxM 


1 M M? 
+M A Fio — z P2 ^ dls A dCs — g $03 ^ Ba A Ba A Ba — -jg Ba ^ B2 ^ Ba A Ba A Bo. 
The Bianchi identities and equations of motion of the fluxes are summarized as follows: 


dH3=0, dM=0, 

dF) =—MH3, dF, = -P ^ Hs, 

dx Fy = H3 A *Fi, 

dx Fy = —F, A Hs, 

d(e~?? x H3) = —M A xf + sf A Fy — Fo A xF}. (4.44) 
The equation of motion for Cg requires that M is a constant: M =m. On the other hand, 


the equation of motion of M just determines Fo in terms of other fields. 


The dilaton equation of motion is 
1 
R+4V,V"%o— qg Hmp H"? — 4V LV" =0. (4.45) 
The Einstein equation becomes 


1 1 1 ~ z 1 ~ ~ 
Ruy + 79 A = —2V Vv + FH yap Hy + 5e” Fuaky® + gge Fyaayty 7, (4.46) 
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where 


et Wb y 72 
A= Ty et E + SEF +e $M”. (4.47) 


4.2 No-go Argument in Massive ITA on Li, x Me 


Now we would like to see if the spacetime Liq x Mg can be a classical solution of the ten- 
dimensional massive IIA supergravity. The form of Ricci tensor and the scale invariance require 
that the dependence of fluxes on r all comes from the normalized one-forms 6%": again. 

In this subsection, we take into account only even forms in Mg in the flux ansatz to make 
the problem easier. In this case, the general flux ansatz with the required Lorentz symmetry 


breaking for the Lifshitz spacetime can be written as follows 


M=m, 

Fy = a6" +00 + J, 

H; = 30°60", 

Fy = f0°9°0¥0" + 0°04 Jo + 0°0" J3 + Va, (4.48) 


where a, 8 and 7 are constants. Jı, J2 and J3 are some two-forms on Mg, and V4 is a certain 
four-form on Mg. 


Bianchi identities lead to 


L 2 
dJı = dJə = dJ3 = 0, J = PE se m = AL dVa =0. (4.49) 
2 BL 
The flux equations of motion for F» and F; lead to 
dx J, =d*J3=0, d*VWy=0, fGL=2a, BLV, =2x J3. (4.50) 


Below we write Jı = J and J3 = K. Notice that Jo = —fy and V4 = a * K. 

Notice that the presence of a non-trivial warp factor Q(€) (which depends on the coordinates 
€ of Mg) in the metric ds? = 0? (dsi,, + dsn) contradicts with one of the flux equations of 
motion that reads fL = 2a0*(€). Therefore, in this setup we can set Q = 1, namely the metric 
is in the form of the direct product. 

If we plug in the explicit values of the fluxes, the (tt), (xx) and (rr) components of Einstein 


equation are expressed as follows: 


o z(z+2)__ A g 4 2ga? gR? 


ee 2s 4.51 
T? 4 2° PP 4” on) 
Fe GOT I e (4.52) 
T 4 P 16 8 2 
ye oe a, (4.53) 
T? 4.2 PL 4 `? 


8We can show from equations of motion that the term like Ha ~ 8” A J is not allowed. 


with 
i 4a? J BRL? = K? 2K22 De m? L? 8? J2 à 


A=9: -aat 3 F Pr a (4.54) 
By taking the differences, we immediately obtain 
B = a (4.55) 
z(z—1) mP ga PLI? gK? (4.56) 
L2 8 2 16 4 
On the other hand, after combined with and (4.56), the equation actually leads 
to z = —4. This shows that we can only have unphysical solutions as the equation 


implies that the H-flux becomes imaginary. In this way, we have found that under this ansatz, 
there is no physical solution corresponding to the Lifshitz-like fixed point in the IIA massive 
supergravity. 

Moreover, we can find explicit unphysical solutions. Suppose that Mg is Kähler-Einstein and 


that the fluxes are given by the parameters 


m=n=0, h =-—7ŢȚw, h= 


Re a Ws J3 = V4 = 0, (4.57) 


where R is the radius of Me such that Rij = te gij- The Kahler form w is a harmonic two-form, 
which satisfies g'wikwji = gij- Then we can show that all equations of motion are satisfied if 
we set 


2 L? 
Pas se) Raa gaa (4.58) 
g 


This requires that 8 and k to be imaginary. This argument includes Lorentz symmetry breaking 
deformations of the AdS4 x CP? solution dual to the M = 6 Chern-Simons gauge theory [33]. 
Notice that this is a rather basic setup as in this model all moduli are stabilized. 

Finally, it is also possible to check that the situation will not be improved even if we insert 
spacetime filling D-branes i.e. non-BPS D9-braneg"| whose action is proportional to f Pre? /G 
setting the tachyon field vanishing. 


4.3 No-go Argument for Nearly Kahler Compactifications 


To generalize our previous no-go argument of Lifshitz-like solutions, we need to take into account 
odd forms in the compact six-dimensional manifold Mg. Since a general argument in this case 
turns out to be quite complicated, we would like to assume the case where Mg is a nearly 
Kahler manifold, including Calabi-Yau manifolds. This is motivated by the expectation that 
the Lifshitz-like solutions will appear by deforming the AdS4 x Mg solution to the massive IIA 
supergravity. The backgrounds AdS4 x Mg have been intensively studied in the context of flux 


compactifications (see e.g. [35-39]). One major way to maintain the N = 1 supersymmetry 


°For the definition of non-BPS D-branes refere to e.g. the review article [34]. 


after the compactification is to assume that Mg is a nearly Kahler manifold [35,38,39], which 
is known to be Einstein. Thus, we believe that this restriction to nearly Kahler manifolds will 
not lose the generality seriously. 

When Mg is nearly Kahler, the two-form J that defines the almost complex structure and 


the holomorphic three-form 2 satisfies 


QAT=0, (4.59) 
Vg = ReQ A Ima = BI AIAG (4.60) 
dReQ = 0, (4.61) 
dJ = bReQ, (4.62) 
dimQ = and AJ. (4.63) 


The constant b measures the extent to which the metric deviates from the Calabi- Yau condition 


and is relate to the Ricci curvature via 
549 


Since it is straightforward to show that there is no physical solution when b = 0 (i.e. when Mg 
is Calabi-Yau), we will restrict to the values b 4 0 below. 

By employing J and Q, we can write down the flux T with the expected Lorentz 
symmetry breaking as follows 


M=m, 

Fy = aJ +066" +7676", 

H = 607090" + kReQ, 

Fy = f0°O" 00" + g0°OY AT HAOO AT + 40° ARN + = J. (4.65) 


The Bianchi identities lead to 


mebL 
n= Pai ab + km = 0, (4.66) 
aL z 
gae gb+nk=0, hb- +ak=0. (4.67) 
” "2d Tecthis canvention the known Adon x Me solution [35,38,39] corresponds to z = 1, n=g=a=G=h 
q=0, a= -75> s = 3m, f =—-2m, b= Æ, se 


11 Here the term 6” A J is not allowed in H3 as we assume dJ # 0; the term like 6” A ReQ is not included in Fy 


as it is not consistent with the equation of motion d x Fə = H3 A *Fy. 
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The equations of motion lead to 


2 
— = fB + ka, (4.68) 
h bq 586 
7 _ lh a SP 4.69 

kf — pq + sb = 0, e (4.69) 
a +mn— 3hs + 3ga—af =0, (4.70) 
Lg? 

ma fs ah gn bk 

UITEEN me el E 4.71 
5 5 gh + sa 5 + > Oe 0, (4.71) 
ma + 3gs + 3ha + fn =0. (4.72) 


Next we would like to write down the Einstein E The useful identities are 


Jin Jjg™ = fij, ReQ Rea = Jij. (4.73) 

The Einstein equation can be eventually expressed as follows after taking suitable linear 
combinations 

a 2) _ -2 (a? + f2 +39? + 3h? +q? + 35? + 302) — Ai = oe (4.74) 

ae = S a 43h? + 362) + BE, (4.75) 


If q = 0, then the situation becomes simpler and become the same as the previous subsection 
and we immediately find z = —4. In this case, there are no physical solutions. Thus, we need 
to set q Æ 0 below. 

Now the remaining equations of motion which we have to impose are the dilaton equation 


and the Einstein equation in Mg direction. They are equivalent to 


2(z? + 2z + 3) B? +k? 
= ee = 4.77 
1 392 = = Ta à āă 5 
TE a BiP = Z pup FA — = 92m? 
2 2 395 4 2 2 a Is 2 2 2 2 2) 992 2 
= BY +k" — —* (3a —a a aera (af + 39° — 3h° — q° + 38°) 398m 
By combining these with previous equations we can actually show 
3L?k? 4-31 B? = 6 + z — 2. (4.78) 


Since the right-hand side is clearly negative when z > 1, we cannot construct any physical 
solutions. 


12 Notice that we do not have to worry the unwanted cross terms in the Einstein eq. such as Rn and Rri as 


Aik! =0. 
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4.4 Adding Orientifold Plane 


Adding orientifold planes in general enlarges the set of possible solutions in the flux compacti- 
fication. For example, adding an O6 plane to the IA string flux compactification allows super- 
symmetric AdS4 x Mg solutions with all moduli stablized and with Mg being half-flat [35-39]. 
Supersymmetry requires an O6 to wrap the entire AdS$4 and a supersymmetric three-cycle inside 
Mg. Moreover, smearing an O6 inside Mg allows solutions with Mg being Calabi- Yau three-fold. 
For our present purpose, since we do not require Lorentz symmetry, more generic O6 configu- 
rations should in principle be allowed (for example, with an O6 wrapping only (tay)-direction 
and a four-cycle inside Mg). However, for simplicity and for parallel comparison with the AdS4 
case, we will only consider the configuration of an O6 wrapping the entire Li, and a three-cycle 
inside Mg. 

In this subsection, we will show that adding an O6 plane wrapping the entire Liq and a 
three-cycle inside Mg will not help evade the no-go theorem in the case of Lig x Mg with Mg 
being nearly Kahler. To warm up, we first show that even in the presence of a smeared O6 
plane, there exist no Lifshitz-like solutions when Mg is a Calabi-Yau three-fold with only one 
two-form (the Kahler form). Then, we will generalize the result to the case where Mg is a nearly 
Kahler manifold. 

The O6 plane couples to the C7 flux and sources Fy magnetically. Therefore, in the presence 


of O6 plane, the Bianchi identity of F flux becomes 
dF» = —M H3 — 14603 (4.79) 


where 63 is three-form localized on the supersymmetric three-cycle. The smearing of the O6 
plane is simply done by replacing ugs with wZReQ [36]. 

For Mg being CY3 with only one two-form, we can first start with the most generic flux 
ansatz, then use the Bianchi identities and equations of motions of the fluxes to eliminate most 


of the terms. In the end, there are only two possibilities: 


(1) H3=680™, Fy=a06"4+0%+aJ, Fy= form + T + ho” N J + G0! AJ 


(2) H3=kReOM, R=al R= = J (4.80) 


The first one reduces to the situation without the O6 plane. Only the second one takes advantage 
of the presence of the O6 plane, however, it does not break Lorentz symmetry. Therefore, adding 
an O6 plane in this case does not help finding solution with the anisotropic scale invariance. 
This is also clear from (4.76) as it leads to z = 1 by setting q = 8 = 0. Notice that though 
the presence of O6 plane changes Einstein equations, it does not change the differences of them 
such as (4.76). 

For Mg being nearly Kahler, the ineffectiveness of adding an O6 also arises from the fluxes. 


The flux ansatz remains the same as the one without the O6; the only change is that the second 
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equation coming from the F)’s Bianchi identity now becomes 
ab + km = ne, (4.81) 


where ng counts the smeared O6 charge after a proper normalization. In the process of solving 
flux Bianchi identities and equations of motion, the first equation from F4’s Bianchi identity 


and the third equation from H3’s equations of motion become 
Bng = 0, and qne = 0, (4.82) 


respectively. Namely, for a nonzero smeared O6 charge, we have q = @ = 0. Again 
requires the relativistic dynamical exponent z = 1. This means that adding an O6 does not help 


evade the no-go theorem in the present setup. 


5 Conclusion and Discussion 


5.1 Conclusions: No-go Theorems for Lifshitz-like Spacetime in Supergravi- 
ties 


In this paper, we examined possibilities of string theory embeddings of the gravity duals (de- 
noted by Lig) for (d — 1)-dimensional quantum Lifshitz-like fixed points, which are invariant 
under anisotropic scale transformations. We considered the ten- or eleven-dimensional super- 
gravity description of string theory by taking the ordinary low energy limit. A no-go argument 
in supergravities as general and simple as the one for de-Sitter spaces [28] or the one for flux 
compactifications [29] does not seem to be available in our case because we consider less sym- 
metric spacetimes with a negative curvature. Therefore, we had to examine each possibilities of 
compactifications of supergravities. 

In all of our supergravity setups (we will summarize them in the next subsection) we exam- 
ined, we found that it is impossible to construct Li, solutions. Notice that in all such setups, 
there exist AdS4 solutions. Even though our analysis has been done only for the Li, spacetime 
defined by (2.3), we believe that our result will not significantly lose generality as many aspects 
of AdS¥4 solutions are similar to AdS3 and AdS;. Motivated by these results, we are tempted 
to conjecture that the gravity duals Lig of Lifshitz-like theories cannot be embedded into any 
supergravity description of string theory or M-theory. The rigorous proof of this no-go theorem 
will certainly be an important future problem. 

Under certain flux ansatze, we proved that no solutions of the form Lig x M7, where M7 is 
an arbitrary compact manifold, are allowed in the eleven-dimensional supergravity, even if we 
take the possibility of warp factor into account. We also presented a similar no-go theorem in 
the massive type IIA supergravity for the spacetime Li, x Mg. Finally we examined massive ITA 
compactifications on nearly Kahler manifolds and showed that solutions of the form Li, x Mg 


are impossible. 
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Since the Einstein gravity coupled to a massive vector field can have a Lifshitz-like solution 
as we noticed in the end of section 2, one may expect that holographic superconductor systems 


However, we 


(40, 41] which can be embedded into string theory may have Lig solutions 
can check after some analysis that Lig solutions are impossible as least in the recently found 
string theory embeddings [42,43] via ten or eleven dimensional supergravity, as consistent with 
our claim. In the Chern-Simons-Maxwell type description (2.1) of the gravity dual, our no-go 
theorem comes from the fact that in the string compactification, the cosmological constant A 
and the Chern-Simons coefficient c cannot be chosen independently. 

As in the case of de-Sitter spaces [44] or flux compactifications [29], one might expect that 
the addition of orientifolds or non-supersymmetric D-branes may evade our no-go arguments in 
supergravities. We performed preliminary analysis in tractable examples and observed that such 
effects do not help us to construct Lig spacetimes. Therefore, we do not know at all whether 
a gravity dual of non-relativistic Lifshitz-like theories exists in string theory or not. We might 
also improve this situation by considering non-critical string setups such as in [45]. These issues 


should certainly deserve future studies. 


5.2 Summary of the No-go Setups 


Since it might be helpful for future studies of possible Lifshitz-like solutions in supergravities, 
we would like to summarize our setups where we could manage to prove the no-go theorems for 


a four dimensional Lifshitz spacetime Li, as follows: 


e The eleven-dimensional supergravity with the four form flux ansatz given by (8.15) com- 
pactified on an arbitrary manifold M7. (Section 3) 


e The ten-dimensional massive IIA supergravity with the flux ansatz compactified on 
an arbitrary manifold Mg. (Section 4.2) 


e The ten-dimensional massive IIA supergravity with the flux ansatz (4.65) compactified on 
an nearly Kahler manifold Mg . (Section 4.3) 


e The previous massive IIA nearly Kahler compactifications with orientfold 6-plane. (Section 
4.4) 


5.3. Why String Duals of Lifshitz-like Points are Hard 


Before we end this paper, we would like to suggest an intuitive physical reason for our no-go 
theorems. Consider type IIA or IIB string theory. Let us remember that to realize a Li4 solution 
we need to turn on several RR and H fluxes to break the Lorentz symmetry. The presence of 


the Chern-Simons coupling, which is important in the argument of [3] as reviewed in section 2, 


13We would like to thank Gary Horowitz very much for useful discussions on this possibility. 
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requires turning on an H flux. Then the requirement dH = 0 argues that H œ 6°0%6" as is 
indeed so in our sétupel4 We can easily imagine that such a gravity solution should be dual to 
a non-commutative gauge theory as the NS B field will be induced in the boundary [46]. The 
effect of non-commutativity is interpreted as the the UV cutoff of the gauge theory. Therefore, 
the AdS/CFT argues that the IR region is described by AdS, while in the UV region, the spatial 
directions shrink to zero size. The latter fact requires z < 0 as in the solutions [47] and we will 
not have a nice scaling limit which extracts the UV part because it contradicts with the relation 
like (8.30), which requires z > 1. Note that a simple analysis shows that this condition z > 1 


should always be correct even in the presence of the warp factor in the metric Li, x Mg. 
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